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Iterative Analysis Method for Structural Components
with Diverse Stiffnesses

I.U. Ojalvo,* F. Austin,! and A. LevyJ
Grumman Aerospace Corporation, Bethpage, N. Y.

An iterative solution scheme is presented for the static and dynamic analysis of built-up structures in which the
stiffness of one relatively rigid component is a dominant factor in governing the overall response. In complex
problems, where each structural component is represented by finite-element models with many degrees of
freedom, application of the standard direct-stiffness method requires equation solutions involving large num-
bers of unknowns. Also, the direct stiffness method may lead to numerical precision problems when combining
the terms of components with diverse stiffnesses. This paper presents a technique which, under certain con-
ditions to be discussed, overcomes these problems through an efficient iterative procedure. The method requires
treatment of only a single structural component at any given time and the convergence rate is shown to depend
upon the relative impedances of the components. Results are presented for the static, dynamic, and thermal
stress analysis of the space-shuttle thermal-protection system. This problem is ideally suited to this application
and results reveal a rapid rate of convergence.

Introduction

THIS paper presents an iterative procedure for
the static and dynamic analysis of built-up structures. The

method is based on a technique proposed by Newman and
Goldberg1 for the static analysis of an ablative heat shield.
This procedure was designed to determine stresses induced by
thermal gradients and mechanical loads, in a geometrically
complex ablator material. In this work, the method is ex-
tended to include free-vibration problems as well. Conditions
for convergence of the procedure are discussed. These con-
ditions are exact for statics problems but only approximate
for free vibrations if the frequency is not known a priori.

The general configuration considered herein is shown in
Fig. la. It consists of a relatively stiff primary-structure to
which one or more components, comprising a relatively
flexible secondary-structure, are attached. An example of this
configuration, for which numerical results are presented, is
the thermal protection system (TPS) of the reusable space

.shuttle orbiter. The TPS consists of numerous reusable sur-
face insulation (RSI) tiles bonded to the metal skin of the or-
biter through a soft strain isolation layer. The stiffened skin
of the orbiter comprises the primary-structure which, in
general, dominates the deformation of the system. The tiles
are taken as the secondary (much less stiff) components. The
details of this application are contained in Refs. 2-4.

General Description of the Method
The basis for the method is that the secondary-structure is

nonstructural but its stress levels, which are often critical for
integrity of the system, must be computed. Thus, it becomes
possible to neglect the stiffness of the secondary-structure
initially, but not its mass, to determine approximate primary-
structure deflections.

The basic method, as applied to statics and thermal stress
problems, is illustrated in Fig. 1. In the initial calculations,
the statical equivalence of the external mechanical loads P
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acting on the secondary-structure are applied directly to the
primary-structure, and its deflections dB are obtained (see Fig.
Ib). An iteration procedure is then performed where, in each
step, the resulting primary-structure deflections are imposed
individually on each component of the secondary-structure
(see Fig. Ic) at the secondary/primary-structure interface, and
the remaining secondary-deflections and interface boundary
loads VB and HB are computed. The secondary-structure in-
terface loads obtained are then assembled and their reaction
— VB and — HB are applied to the primary structure as shown
in Fig. Id. New primary-structure deflections b'B are obtained
and compared to the previous set. This procedure is repeated
until convergence of results is achieved. The logic is outlined
in Fig. 2.

The logic for the calculation of the vibration modal charac-
teristics is outlined in Fig. 3. In the initial calculations, the
stiffness, but not the mass, of the secondary-structure is
neglected in order to obtain approximations to the natural
frequencies and mode shapes. An iterative procedure is then
performed where the primary-structure oscillatory modal
deflections are imposed individually on each component of
the secondary-structure at the secondary /primary-structure
interface, and the steady-state component deflections and in-
terface boundary loads are obtained. The frequency is then
updated by computing a Rayleigh quotient, using the latest
nonrigid component displacements. The individual secondary
component boundary loads obtained are then assembled and
their reactions applied to the primary-structure. New primary-
structure deflections are obtained, normalized, and then com-
pared to the previous set. This process is repeated for a given
mode until convergence of frequency and mode shape is ob-
tained.

By these methods, each component of the secondary-
structure is temporarily assumed uncoupled from all others.
Although this is not strictly true, under proper conditions (to
be discussed) the coupling involved is sufficiently weak so as
to ensure accurate, approximate results in early iterations as
well as rapid convergence. This treatment of each component
as an uncoupled problem often results in a significant savings
in computer running times and storage requirements. In fact,
certain problems (such as the space-shuttle TPS) that ap-
peared too large to treat in great detail by the direct stiffness
method, have been found to be quite tractable by this
technique.
Analysis of Typical Secondary-Structure Component

The secondary-structure components are originally treated
as nonstructural mass items. However, since their stress states
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Fig. 1 Iterative approach for statics and thermal stress problems: a)
Complete problem, b) Initial primary structure problem with first ap-
proximation to primary structure deflections, c) Typical problem for
each component of secondary structure; interface deflections are im-
posed and boundary reactions computed, d) Recomputation of
primary structure deflections; compare deflection with previous
iteration.

are desired, it is necessary to eventually account for their stiff-
nesses. This is achieved by imposing the primary/secondary -
structure component interface deflections, (6B), cosotf, on
each component and computing its associated internal deflec-
tions, (6,4 ), cosotf, and corresponding stresses and reactions,
(—PB)i cosotf. As described earlier, this is done iteratively
until convergence is obtained.

Referring to Fig. 4, the associated steady-state partitioned
matrix equations governing each secondary-component are

KAA-u2MAA !
i

KBA \ KBB

KAB

-u2MBB _
is il«7J, - i

P^ 4-P^-* /4 >^-« A

PB+PB

where the subscript B is used to denote points of the secondary
components which are in common to the primary structure.
Use has been made of the fact that the component mass
matrix is diagonal, the P' s refer to thermal loading terms,
and PA is a statically applied external loading. For free-
vibration problems, all the P9 s with the exception of PB, are
taken as zero in Eq. (1). For static problems, co is taken as
zero._

[KAA-u2MAA] (2)

FORM STIFFNESS MATRICES OF PRIMARY
STRUCTURE AND SECONDARY COMPONENTS

PASS EXTERNAL MECHANICAL LOADS ON
SECONDARY STRUCTURE COMPONENTS
DIRECTLY TO PRIMARY STRUCTURE

COMBINE EXTERNAL PRIMARY-STRUCTURE
MECHANICAL & THERMAL LOADING WITH
EITHER SECONDARY STRUCTURE LOADS
FROM STEP 2 (FIRST TIME THROUGHLY ONLY)
OR STEP 5

SOLVE FOR PRIMARY-STRUCTURE DEFLECTIONS

IMPOSE PRIMARY STRUCTURE DEFLECTIONS &
SECONDARY STRUCTURE EXTERNAL & THERMAL
LOADS TO OBTAIN DEFLECTIONS
OF EACH SECONDARY STRUCTURE COMPONENTS

INTERFACE REACTIONS B REPEAT

FOR EACH COMPONENTS FORM |PB[ = Z) {PB[.

ITERATE WITH STEPS 3
THRU 5 UNTIL PRIMARY-
STRUCTURE DEFLECTIONS
CONVERGE

COMPUTED ASSOCIATED STRESSES OF EACH
SECONDARY STRUCTURE COMPONENT

Fig. 2 Logic for statics and thermal stress problems.

and

(3)

Equation (2) is next solved for (6^ }7, which is then sub-
stituted into Eq. (3) for ( -PB },. Once convergence of dB has
been achieved, the secondary -structure stresses are computed
from the associated stress recovery equations.

Frequency Update
Since the modes and frequencies obtained originally

ignored the secondary-structure stiffness and true
displacements, the resulting frequencies are only ap-
proximate. To correct these, the frequencies are updated
through use of a Ray leigh -quotient calculation in which the
latest secondary- and primary -structure deflections are used in
the equation

2 =
* *s { dp

(4)

where the subscripts S and ps denote secondary and primary
structure, respectively. Thus, [dps] are the latest primary-
structure deflections, and [Kps] and [Mps] are the banded
stiffness and mass matrices, respectively, of the primary
structure. The secondary-component stiffness and mass
matrices, [Ks] and [Ms], respectively, of Eq. (4) are related
to the stiffness and mass matrices of Eq. (2):

[Ks] = [Ms] =
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FORM PRIMARY-STRUCTURE STIFFNESS ("Kg]
& MASS [Mgj MATRICES

___ _j
FORM SECONDARY STRUCTURE APPROXIMATE
MASSMATRIxfiyrj

v

3

4

5

6

COMPUTE SYSTEM FREQUENCIES, CO , { }

& PRIMARY-STRUCTURE MODE SHAPES, {5Bf
BY CONSIDERING APPROXIMATE INERTIA,
BUT NOT STIFFNESS PROPERTIES, OF
SECONDARY STRUCTURE FROM

M {«B}- o>2 ([MB + M']) { 6 B }
.& NORMALIZE MODE SHAPES

IMPOSE PRIMARY-STRUCTURE OSCILLATORY
INTERFACE DEFLECTIONS TO OBTAIN FLEXIBLE-
SECONDARY STRUCTURE DEFLECTIONS |6A} .
& MODAL INTERFACE LOADS

{PB } • • REPEAT FOR EACH SECONDARY STRUCTURAL

COMPONENT & FORM REACTIONS

{-PB} =? fpBJ j

COMPUTE RAYLEIGH QUOTIENT FOR ENTIRE SYSTEM
INCLUDING FLEXIBLE-SECONDARY STRUCTURE
CHARACTERISTICS FROM

L6B J[KB] { S B} + ? L5Ajj [KA] {SA} j
"R =

L6B j[MBj {6S

,
}H.SL«AJ.[MA] {§A} .

1
OBTAIN PRIMARY-STRUCTURE DEFLECTIONS FOR
HARMONIC REACTIONS |-PB }cOScoRt &
NORMALIZE SOLUTION

ITERATE WITH STEPS 4
THRU 6 UNTIL PRIMARY-
STRUCTURE DEFLEC-
TIONS CONVERGE

7 COMPUTE ASSOCIATED COMPONENT MODAL STRESSES

Fig. 3 Program logic for natural-vibration problems.

Primary-Structure Deflection Update
The original primary-structure deflections are approximate.

They should be checked and, if necessary, corrected. For
vibration problems, the frequencies are recomputed, em-
ploying the latest compatible set of secondary- and primary-
structure deflections, to give wRayIeigh by the method described
in the previous subsection. The boundary reactions { -PB}i
coso)Rt are collected for all components of the secondary
structure and applied to the primary structure to yield new
deflections:

[Kps-u2
RMps] (5)

where { —PB} cosuRt is the assembled load reaction of all the
secondary-structure components acting on the primary struc-
ture.

{5B}i COS cot, {PB}. COS COt

A. ith Component of Secondary Structure

J B / J COS cot, {-PB}. COS cot /

/(p ) (p ]lKpsJ ' rpsj

B. Primary Structure

Fig. 4 Notation for analysis of ith component of secondary struc-
ture. Note: Barred terms, PA andPps refer to "thermal loads."

The convergence test consists in satisfying

max) \ups —vps
present previous

]<e[
J ^

max ps
present

where e is an arbitrarily small positive quantity.

Convergence Condition
As shown in Ref. 5, the mathematical condition for ab-

solute convergence of the present iteration procedure is that
the maximum absolute eigenvalue, Xmax, of the equation

[K's] [ d p s } = \ [ K p s ] [dps]

must satisfy the condition

Xmax < ^

(6)

(7)

A similar derivation based upon impedances Z leads to the
condition

where

IXIm a x<7

;r [dps}=\[zps]

(8)

(9)

when u2
R is a good estimate of co2, and where the impedances,

Z, are related to the previously defined stiffnesses and masses:

[ Z A A ] ~ ] ( K A B ]

= [KBB-u2MBB]

(10)

and the barred matrices are similar to the unbarred terms of
Eq. (1), except that they pertain to the assembly of all com-
ponents of the secondary structure, rather than just a single
component, in contact with the primary structure. The
derivation also shows that the rate of convergence depends on
the magnitude of I X I max. The convergence proof depends on a
precise knowledge of the system frequency, thus, for static
loadings (co = 0), the proof is rigorous. However, for free-
vibration problems, in which the frequency is approximated
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Fig. 5 Typical configuration for shuttle TPS.

*3-D ELEMENTS

ISOLATOR*

RSI MATERIAL PROPERTIES:

ELEMENT NO.

ISOLATOR PROPERTIES:

PRIMARY STRUCTURE
(2-D PLATE ELEMENTS)

PRIMARY STRUCTURE PROPERTIES:

E = 60X 103PSI
E' = 6 X 103PSI
G' = 32X 103PSI
v = 0.50
i/= 0.01
a = 0.347 X 10-6° F'1

E = 90 PSI
u = 0.49
a = 271 X 10-6° F'1

E = 10.6 X 106PSI
v = 0.30
a= 13.1 X 10'6 F'1

Fig. 6 Sample problem used to demonstrate numerical convergence of iteration scheme.

by a Rayleigh quotient based on the latest estimate of mode
shapes, the proof is only heuristic.

A physical interpretation of the convergence condition
stated in Eqs. (8) and (9) is that the impedance of the primary
structure, [Zps], must be "larger" than that of the com-
ponents of the secondary structure, [Z's]. Thus, even if the
stiffness terms in [Z's] are small compared to [Zp5], when
analyzing sufficiently high frequencies (co), the presence of

inertia terms could adversely affect convergence of the
procedure.

Example - Space Shuttle Surface Insulation
The integrity of a reusable space shuttle system is strongly

dependent on protecting the orbiting vehicle from re-entry
heating in a manner which does not require significant refur-
bishment between missions. The thermal protection system
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Table 1 Critical deflections and stresses vs
iteration number (see Fig. 6)

Example 1: N

Iteration
No.
1
2
3
4

Avg axx*, psi
Elem No. 25

17.33
17.51
17.51
17.51

Avgaxz,psi
Elem No. 21

3.497
3.503
3.503
3.503

Primary Structure
u(x = 0)X 102 in.

-3.566
-3.565
-3.565
-3.565

Example 2: P_ = 100 psi, NY = 0, AT = 0

Iteration
No.
1
2
3
4

Avg a xx* » Psi '
Elem No. 25

38.62
37.90
37.90
37.90

Avgaxz,psi
Elem No. 21

-3.145
-3.068
-3.068
-3.068

Primary Structure
w(x = 3-1/3 in.)
X 103 in.

-7.222
-7.017
-7.022
-7.022

Iteration
No.

1
2
3
4

Avg axx , psi
Elem No. 25

-16.38
-16.75
-16.74
-16.74

Avg a^ , psi
Elem No. 21

-3.935
-3.889
-3.891
-3.890

u(x= 0)X 102 in.

2.838
2.837
2.837
2.837

*Note that direct-stress allowables for RSI material in x and y
directions are of the order'of 30 psi.

Table 2 Fundamental frequency, maximum deflection,
and critical tile stresses vs iteration number

Iteration
No.
0
1
2
3
4

WV
Hz

510
425
427
425
425

Maximum
Normalized
'Deflection,

in.
0.180
0.181
0.181
0.181
0.181

RSI Stresses
<Jx,psi

Element No. 25
Tile
No.
1
-

-43
-40
-40
-40

Tile
No.
2
-
-88
-86
-86
-86

Tile
No.
3
-

-46
-43
-46
-46

C7z,psi
Element No. 21
Tile
No.
1
-
22
22
21
22

Tile
No.
2
-
57
49
48
49

Tile
No.
3
-
35
28
28
28

Table 3 Fundamental frequency and maximum primary-structure
deflection as a function of iteration number (see Fig. 7)

Iteration
No.

0
1
2
3
4

Fundamental
Frequency,

Hz

146
153
153
154
153

Normalized
Max Primary Structure

Deflection,
in.

0.111
0.108
0.111
0.110
0.110

(TPS) selected to fulfill this need is a nonstructural, reusable
surface insulation (RSI) material shaped into individual tiles
which cover almost all of the orbiter surface area. Most of the
tiles are square in planform and measure 6x6 or 8x8 in.,
with thicknesses varying roughly between 0.5 and 3 in. Since
loss of a single tile could be catastrophic, RSI tile stresses
must be determined accurately for the anticipated static,
dynamic, and thermal environments.

A detailed computer program, employing the current
iterative procedure, was prepared to determine accurately the
tile stresses associated with static loading, internal transient
temperature states, and natural vibrations. Because of the
complex geometry, nonuniform anisotropic material proper-
ties, and detailed three-dimensional stress states, the TPS was
idealized by finite-element assemblages with up to 2,500
degrees of freedom per tile. Because of the large size of the

COATING ON TOP SURFACE
OF EACH TILE • 1836 DOF PER TILE

• 400 ELEMENTS PER TILE

PLATE ISOLATOR
STIFFENER CENTROIDS

PRIMARY STRUCTURE
EDGE-CLAMPED
(BOTH ENDS)

• PRIMARY STRUCTURE HAS
630 ELEMENTS & 1598 DOF

Fig. 7 Typical configuration that computer program is capable of
analyzing.

GLOBAL X, IN.
3 4 5 6

Fig. 8 Direct stresses for tiles 1 and 2 caused by -170°F cold soak.

problem and the diverse variation in the stiffness properties of
the tiles and primary structure, solution of this problem
through application of the standard direct-stiffness method,
or even existing static and dynamic matrix coupling methods,
was not practical. The present iteration scheme overcame
these problems, by treating each tile separately. An important
byproduct of this approach was that it avoided numerical con-
ditioning problems associated with combining low-stiffness
tile elements (E»5Q psi), used for isolation purposes, with
high-stiffness primary-structure elements (£« 10 x 106 psi).

Structural Configuration
The configuration for which the computer program was

developed is shown in Fig. 5. It consists of a stringer-stiffened
flat rectangular panel supporting a nonstructural TPS.

The TPS is composed of a series of rigidized RSI tiles. The
tiles may or may not be undercut on all four sides to ac-
commodate "filler strips/' The purpose of the nonrigidized
filler-strip insulation, if it is found necessary, will be to
prevent severe heat penetration through the gaps between ad-
jacent tiles.

The RSI material is not bonded directly to the primary
structure, but to a thin, stiff "strain-isolator" material. The
function of both these items is to help isolate the primary-
structure strains from the low-strength RSI tiles, for the wide
range of loading environments which the vehicle must sustain.
If the strain-arrestor plate is unnecessary, a provision exists to
remove it from the analysis. For details on the structural
idealization and the computer program, refer to Refs. 2-4.

Numerical Results
Several RSI problems were run to demonstrate the

numerical convergence properties of the iteration scheme. The
material properties and loading conditions used, while not
precise in a specific design sense, are representative of the
problem parameters the method is intended to accommodate.

Figure 6 shows the configuration, finite-element
idealization, and material properties for an example with
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Fig. 10 Normalized first mode direct stresses for tiles 1 and 2 in
planar directions as a function of spanwise coordinate.

three separate load cases. The largest primary-structure nodal
deflections and average stress components for certain RSI
elements are presented as a function of iteration number in
Table 1. Although the stress levels appear quite low, note that
the RSI material direct stress allowables are in the 30-psi
range for the x, y directions and even lower from the z
direction and shear allowables. Table 1 reveals a rapid con-
vergence rate and a high level of accuracy for the initial ap-
proximation, in that the maximum error for the first iteration
is less than 3% in all cases.

A problem similar to that depicted in Fig. 6 was run to
illustrate the vibration capability; this time, a three-tile con-

figuration with a 20-in. span was used. The fundamental
frequency, largest primary-structure normalized deflection,
and average stress components for certain critical RSI ele-
ments are presented as a function of iteration number in Table
2. Besides revealing a rapid convergence rate, the results
presented indicate a high level of accuracy for the first
iteration in that the maximum frequency, deflection, and ax
errors are less than 2%. The errors in oz were higher for the
first iteration (approximately 20%), but these settled down to
under 4% in the second iteration.

These observations are further strengthened by the more
realistic shuttle tile example shown in Fig. 7. This problem
consists of a - 170°F cold soak of three 6 x 6-in. tiles, each of
which are2-in. thick and have 1 x 1/2-in. edge undercuts. The
primary structure is a 0.041-in. aluminum plate with offset
stringers spaced 1/2 in. apart. Two opposite boundaries were
held against out-of-plane deflection with the other two ends
free. To permit free thermal contractions, in-plane plate
motion was permitted.

The resulting direct stresses for the first and fourth
iterations are plotted in Fig. 8 for tiles 1 and 2. Because the
differences were so slight, only second and fourth iteration
values for ax are plotted. The fundamental frequency and
peak normalized deflection, as a function of iteration num-
ber, were also obtained for this configuration, and are shown
in Table 3. The primary-structure mode shape is plotted in
Fig. 9 for iterations 0 through 4. Some typical corresponding
stress components for iterations 1 and 4 are shown in Fig. 10.

Conclusions
An efficient iterative procedure has been presented for the

static mechanical, thermal stress, and vibration analysis of
component structures with widely differing stiffnesses. The
vibration results can easily be extended to solve dynamics
problems through modal superposition procedures. The
method, which is quite general, converges under the con-
ditions defined in Eqs. (6-8). Because of the complexity of the
structure and the rapid rate of convergence, the procedure is
ideally suited for further RSI shuttle-panel studies.
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